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Abstract

Let I = [0, d), where d is finite or infinite. Let W, (x) = x” exp (—Q (x)), where p > — % and QO
is continuous and increasing on /, with limit co at d. We obtain further bounds on the orthonormal
polynomials associated with the weight W2, finer spacing on their zeros, and estimates of their asso-
ciated fundamental polynomials of Lagrange interpolation. In addition, we obtain weighted Markov
and Bernstein inequalities.
© 2005 Elsevier Inc. All rights reserved.

1. Introduction and results!

Let
I =10,d), (L.1)
where 0 < d<oo.Let Q : I — [0, co) be continuous, and

W = exp (—Q) (1.2)
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be such that all moments f 7 x"W (x) dx, n >0, exist. We call W an exponential weight on
1. For p > —%, we set

Wy (x) :=xW(x), xel.

The orthonormal polynomial of degree n for W2 is denoted by p, (Wz, x) or just p, (x).
That for WE is denoted by pj, (sz, x) or just py,p (x). Thus

/ Prp (%) P p (X) XP W2 (x) dx = S
1
and

pn,p (-x) = ’yn,p-xn + - 9

where y, , =7, (Wg) > 0.

In the predecessor to this paper [3], we established bounds for p, ,, estimates of the
associated Christoffel functions, spacing of the zeros of the orthonormal polynomials, and
restricted range inequalities. In this paper, we shall establish further bounds on the or-
thonormal polynomials, more precise spacing of their zeros, estimates for their fundamental
polynomials, and Markov—Bernstein inequalities. We denote the zeros of p, , by

Xnn < Xn—1n <" < X2p < Xin-

As in [3], we use results from [2] by defining an even weight W* corresponding to the
one-sided weight W. Given I and W as in (1.1) and (1.2), let

I* = (—\/c_l , «/E)

and for x € I*,
0" :=0(+?).
W* (x) :=exp (—Q* (x)) :

We say that f : I — (0, 00) is quasi-increasing if there exists C > 0 such that
fx)<Cf (@), O0<x<y<d.

Of course, any increasing function is quasi-increasing. The notation
fx) ~gx)

means that there are positive constants C1, C» such that for the relevant range of x,
Ci<sfx)/g(x)<Ca.

Similar notation is used for sequences and sequences of functions.
Throughout, C, C1, Ca, ... denote positive constants independent of n, x, t and polyno-
mials P of degree at most n. We write C = C(4), C # C(4) to indicate dependence on,
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or independence of, a parameter 4. The same symbol does not necessarily denote the same
constant in different occurrences. We denote the polynomials of degree <n by P,.
Following is our class of weights:

Definition 1.1. Let W = ¢~< where Q : I — [0, 00) satisfies the following properties:
(a) /xQ’ (x) is continuous in /, with limit 0 at 0 and Q(0) = 0;

(b) Q" exists in (0, d), while Q*” is positive in (0, \/3),
()

Jim 0w =0

(d) The function

xQ'(x)
Ox)

is quasi-increasing in (0, d), with

T(x) = x € (0,d) (1.3)

TX)=A> 3%, x€(0,d). (1.4)

(e) There exists C; > 0 such that

|Q" ()| <o Q/(X)’
0'(x) O(x)

ae.x € (0,d). (1.5)

Then we write W € L (C 2). If also there exists a compact subinterval J of I*, and C, > 0
such that

0" (x) S0 IQ*/(X)I’
Q¥ (x)] 0*(x)

then we write W € £ (C?+).

ae.x € I'"\J, (1.6)

Remarks. See [3] for further orientation on this class of weights and this topic. Here are
some examples of Q that satisfy the above conditions:

D
O(x)=x% x€e][0,00),

where o > %

(ID)
0(x) = exp(x*) —exp;(0), x € [0, 00),
where o > % and k > 0. Here we set

expy (x) i=x
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and for k> 1,

expy (x) = exp(exp(exp---exp (x))---)

k times

is the kth iterated exponential.
(III) An example on the finite interval I = [0, 1) is

O(x) = expr (1 —x)7%) —exp(D),  x €0, 1),

where oo > 0 and k> 0.

One of the important descriptive quantities we need is the Mhaskar—Rakhmanov—Saff
number a;, [2,4,5], defined for ¢ > 0 as the positive root of the equation

_ 1/1 au Q' (au)
T nlo Jud—u)

One of our main results is:

du. (1.7)

Theorem 1.2. Let p > —3,0 < p < 1, and let W € L (C>+). Let py,p (x) be the nth
orthonormal polynomial for the weight Wg. Then uniformly forn > 1,

anp \ P n 172
Sup [, p(OIW () (x + 55" ~ (—) (1.8)
er; Prep ( n2) an
and
an \P —
sup 1P @IW @) (x+25)" ~a, " T (@) (1.9)

x€lagy,d)

Ifwelcl (C 2), these estimates hold with ~ replaced by <C.

Remark. In [3], we proved the estimate
anp\P 5 1/4
Sup | pu,p(x)|W(x) (x + n—z) ‘(x + ayn ) (an — x)‘ ~1, (1.10)

xel

assuming that W € £ (C2).

Next, we turn to pointwise bounds on orthogonal polynomials and their derivatives. Let

n= T (a)™3, t>0 (1.11)
and
vV 172 (ay —
Xral @0 0,4,
@, (x) =1 W@ —x+anm, (1.12)
(pt(af)7 X > dyg,

@, (0), x < 0.
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Recall that the fundamental polynomials at the zeros of p,, , are polynomials £;, € P,
satisfying

Ejn(xkn) = 5kj'

Theorem 1.3. Let W € L (C2+) and p > —%. There exists ny such that uniformly for
nzng, 1< j<n,

(a)
/ -1 —1/4
|pn,pW/)|(xjn) ~ @, (Xjn) [xjn (an - xjn)] ; (1.13)
(b)
1 1/4
|Pa—1,0Wpl(xjn) ~ @y [xjn (an = xju) ] 5 (1.14)
(©
an p _1
max ‘Ej,,(x)W(x) (x n —2) ’Wp @) ~ 1; (1.15)
xel X n X
(d) For j<n —1landx € [Xjy1n, Xjnl,
|Pn.pWp| (x) ~ min{|x — x|, [x — xj41.0]}
—1/4

X, (%)~ [Xjn (an — xjn) ] (1.16)

Ifwe assume instead that W € L (C 2), then (a) holds with ~ replaced by < C and (b) holds
with ~ replaced by >C.

Concerning the spacing of the zeros, we prove
Theorem 1.4. Let W € L (C2+) and p > —%. Uniformly forn>1and 1<j < n,

Xjn = Xj+1n ~ @ (Xjn). (1.17)

In [3], we proved the upper bound implicit in (1.17), assuming that W € £ (C 2).
Finally, we turn to Markov—Bernstein inequalities. For these, we need a modification of
¢;, namely

# _ X _ \/;(QZI_X)
o0 = a2 ) = e, x<l0.al (1.18)

of ) =0 @), x>a. (1.19)

and

Theorem 1.5 (Bernstein inequality). Let W € L (C?). Let 0 < p<oo and let B > —% if
p <ooand =0 if p = oco.Then forn>1and P € P, and for some C # C(n, P),

[(PW) (x) @ (x)xﬁHL,,(l)SCH (PW) (x)xﬁHLp(l). (1.20)
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Theorem 1.6 (Markov inequality). Let W € E(Cz). Let 0 < p<oo,0 < y < 1. Let
p > —% if p<ooand f=0if p = co. Then forn>1and P € Py,

2
H(P'W) ) xPl, <CZ—|| PW) ()Pl (1.21)
and
1 (P'W) @) 2Pl i) < caix/T @l (PW) ) 2P, 1. (1.22)

Since T (a,) << n?, we see from the last two inequalities, the special role played by 0:

the rate of growth of P’W can be far larger near O than near a,,. We shall show that (1.21)
is sharp as regards the rate of growth in n, at least in L, and for § = 0. More precisely, in
Section 7, we show that

2
IPW oy ~ 1P Wlay: n>1. (1.23)
n
We note that all the above results are valid under weaker conditions on W. All we need is
that W* satisfies the conditions for the corresponding result in [2]. However, for simplicity,
we use just one class of weights in this paper. We note too that for the case where Q is of
polynomial growth on I = [0, co), Theorems 1.3 and 1.4 follow from results of Kasuga
and Sakai [1].

This paper is organized as follows. In the next section, we list technical estimates. In
Section 3, we prove the Markov—Bernstein inequalities of Theorems 1.5 and 1.6. In Section
4, we estimate a certain function A# n.p (x). In Section 5, we prove Theorems 1.2 and 1.3(a),
(b). In Section 6, we prove Theorems 1.3(c), (d) and 1.4. Finally in Section 7, we prove
(1.23).

Finally, we illustrate some of the results above on specific weights. Throughout p, p,
are as in Theorem 1.6.

Example 1. Let I = [0, 00), a > % and
Q(x)=x% x€[0,00).

In this special case
r 1/o
I (OC + 5)

n, = (at)_2/3, t > 0.

and

(I) The Markov inequality takes the following form: forn>1 and P € P,,

_1
H(P'W) ) xP 1L, 0,000 SCR? 7211 (PW) (1) xP 11, 0,00 -
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Moreover, given 0 < y < 1,

1 (P'W) () <P, <Cn' =5 (PW) () <Pl 0,000

p(@n,00)

(II) The sup norm bound on the orthonormal polynomials takes the form

p =1
‘pn,p(x)W(x) (x-|—a—;) H -]
n Lo (0,00)
Moreover,
an \P _1.1
x) W (x (x+—) H ~n"mTs,
lprocoweo e+ 3),

Example 2. Let / = [0, 00),k>1 and o > % Let
0(x) = exp(x*) — expr(0), x € [0, 00).
We also need the jth iterated logarithm: let log, (x) := x and for j >1,

log; (x) = log(log(log - - -log (x))), x > exp;_; (0).

jtimes
Here asn — oo,

ay = (logkn)l/“ (14+0(1),

k
T (an) ~ [ | log; n.

Jj=1
-2/3

k
n, ~ nl_[ log; n
j=1

(I) The Markov inequality takes the following form: for n > exp; (1) and P € P,

: B n? 8
| (P'W) (x)x ||L,,<o,oo)<C—1/all (PW) (x) x"lL,(0.00)-
(logy n)
Moreover, for n > expy, (1),
H(P'W) ) xPlL, @00
1/2

k

n

<C——7 [[T1og;n | 1PW) @) xPllL, 0,00
(logk”) j=1

113
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(II) The sup norm bound on the orthonormal polynomials takes the form

Moreover, for n > exp; (1),

~n'/? (log, n)_l/(za) .

ap\P
Prp W @) (x+5)"|
n Loo(0,00)

k
an\P -1/
Pn,p (X) W (x) (X + n—;> H ~ (log; n) A l_[ log;n
j=1

Loo(awlsoo)
Example 3. Let / = [0, 1), 2 > 0, and
Ox)=(0—-x)""=1, xel0,1).

Here

1
()
l—a,~n <“+2

1
T
T (ay) ~n"2,

_2( 2043
N, ~n 3\ 201

)

(I) The Markov inequality takes the following form: forn>1 and P € P,
I (P'W) () xP 110,11 <CnP Il (PW) () xP 0.1

Moreover, given 0 < y < 1,

, 2042
H(P'W) @) 5Pl a1 <CnZ | (PW) () 2Pl 0.1,

plam,

(IT) The sup norm bound on the orthonormal polynomials takes the form

Moreover,

Example 4. Let / = [0, 1), k>1 and o > 0. Let

~nz.

ap\ P
Prp W ) (x4 5)"]
n Loo[0,1]

w0 (x+ )" i
X X X — ~ N % .
Pn.p n2/) N L[agm.1]

Q(x) = exp,((1 — x)7% — expy(1), x €0, 1).

1/6
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Here asn — oo,

1 —a, = (logen) " (140 (1)),

k—1
T (an) ~ (log; n)]H/a 1_[ log; n,
j=1

—2/3

k—1
n, ~ | n (logk n)H'l/“ l_[ log; n
j=1

(I) The Markov inequality takes the following form: assume that p, f§ are as above. Then
forn>1and P € P,

1(P'W) ) Pl 0,11 <Cn2 Il (PW) ) xP i 0.1

Moreover,

H(P'W) @) xP g o
1/2

k—1
1+1
<Cn | (ogn) T rogn | 1 (PW) ) 2Pl1L, 1011
j=1

(IT) The sup norm bound on the orthonormal polynomials takes the form

Moreover,

anp\P
Pn,p (X) W (x) (x + —;) H ~n'/?,
n Lool0,1]

1/6

k—1
a P 141
Hpn,p (x) W (x) (x + n—;) H ~ | n (logy n) 1/ [ ] tog;n
j=1

Loo[am.1]

2. Technical estimates

The classes £ (Cz) and £ (C 2+) are defined in such a way that W* becomes part of the
corresponding classes F (C?) and F (C+) in [2, p. 7]. In [3, Lemma 2.2] we proved that

W e ﬁ(cz) & W e]—'(Cz)
and

W e L(c%r) o Wre f(c2+).
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Thus we can apply results from [2] to W*. We denote the (positive) Mhaskar—Rakhmanov—
Saff number for W* by a;". In [3, Eq. (2.6)] we showed that

ap = ar’. 2.1)

We shall also use the quantity n, = (tT (at))_z/ 3

n = {7 (@)}
where
L0V
W =x g _2T<x )
‘We note that [3, (2.9)]

, and its analogue for Q*

s =47, 2.2)

Lemma 2.1. Let W € L (Cz).
(a) Uniformly fort > 0, we have

Q'(ar) ~ a%\/m (2.3)
(b) For fixed L > 1 and uniformly fort > 0,

ar: ~ a;. 2.4)
(¢) Fix L > 0. Then uniformly fort > 0,

Q'(ar) ~ Q'(ar), Tl(ar) ~T(a) and np, ~ 1. 2.5
(d) For some ¢ > 0, and for large enough t,

T(a)<Ct** (2.6)

and

n,T(a)<Ct % = o(1). 2.7
Proof. See [3, Lemma 3.1]. [

Some further estimates involving a;:

Lemma 2.2. Let W € L (C?).
(a) We have fort > 0,

~

<

~ | L\

1
s 5 <2. 2.8
> (2.8)

"
ds

1 ] t
T (ay) s
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(b) Given fixed L > 1, we have uniformly fort > 0,

ar; 1
‘1 T | Ty 22
(c) Forx € [0, a;),
Q’(x)éL. (2.10)
Vx (a —x)

(d) Assume also W € L (C2+) and let L > 1. There exist C and ty such that for t > 1y,

are Q/ (art)

>1+C. 2.11
Q@ ~ 1D

Proof. (a), (b) See [3, Lemma 3.2].
(c) See [3, Lemma 3.3].
(d) Note that (cf. (2.1))

Var: Q' (arr) - o (ath)
Jai0 @) 07 (a})
by Proposition 13.1 in [3, pp. 359-360]. Since a;; > a;, we then obtain (2.11). [

>21+C

Next, a lemma on the functions ¢,, and (pfn. We shall also sometimes need the corre-
sponding function for W*, which we denote by ¢, . This is defined in [—a};, a};, ] [2, p. 19]
by
2
2m (2.12)
|+ ag | + agn[x = a |+ a,

and to be constant in (—oo, —aj,] and [a;),, 00).

|x2—a

@ (x) =

Lemma 2.3. Let W € L (C?).
(a) Forx € [0, ap],

#
(p;m («/;) Pm (x) _ Pm (x) (2.13)

VX tamm2 N

(b) Let C > 0. Uniformly for m and n such that
12| <cT @, (2.14)
we have uniformly for x € 1
Pn (X) ~ @y, (X)) . (2.15)
Moreover, uniformly for x € I*,

@ (x) ~ @y (x). (2.16)
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(c) Forn>1and x € [a,,nfz, d),
o (x) <Cx. (2.17)
(d) Let L > 0,0 < f§ < 1. Then uniformly forn>1 and x € [a,,/nz, aﬂn],

0 0 [x an [1 4 L, ] = )2~ HO2D (2.18)
(e) Lete € (0,1), L > 0. Then uniformly forn>1 and x € [ag,,, a, (1 + Lr/n)],
2
1/2 a x(az; — x)
@, (x) [x (an [1 4+ Ln,] —x)] "~ — E’an) ~ H;; . (2.19)
(®) Uniformly forn>1,1<j<n—1l,and x € [xj'+1,n, xjn]’
Py (Xjn) ~ @y (x). (2.20)

Proof. (a) Since a’zfl = a,,, we see that in [0, a,,],

% . [x — aoml
Pom (m_
m\/‘ﬁ‘i‘ \/am’ + \/am”l;m\/‘\/__ \/am’ + Vamns,
N ayn — X IR CO N Y €))

myam =X +amly  /x + apm=>2 vx
by (1.12) and (1.18).
(b) Firstly [2, Lemma 9.7, p. 264] gives (2.16). Using (a), we obtain in [0, a,],
P ) 9 ()
Vx+amm=?  Jx+an?
Here (2.14) and (2.7) show that 1 — % — 0,n — oo. Hence m ~ n, so a,, ~ a,. Then
(2.15) follows in [0, a,]. Since we may assume m >n and ¢, and ¢, are constant outside
[0, a,] and [0, a,, ], respectively, we obtain (2.15) in I.
(¢c) Now in [0, a,,], we see from (1.18) and then (2.9), (2.7) that
oh () ay — x
x nyxa, —x + ann,
Jag —x

~ W’ X € [O’ an/Z] )
an
nT (an)M9 X € [an/Z,an]
ﬂ’ X e [O’ an/Z] )
<cflmvy
€ [a’l/Z’ an]

v
nT (an) N,
<C, xe [ann_z, an], 2.21)
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recall that 1, = (nT (a,))"*> = o (1). Since ¢f (x) = ¢ (a,), x >ay, this inequality
persists in [a,, d).
(d) For this range of x,

|x —az| ~ |x —a,| and a, —x +aun, ~ a, — x,

while x + a,,/n2 ~ x, 50 (2.18) follows easily from (1.12).
(e) For this range of x,

dn

T (an)

|[x — an,| ~ and x ~a,

and so at least in [0, a;, ],

32 |

n

a
nT (@n) Jay — x + apn—2

@, (x) ~
whence

2
o, o an 1420, )]~

This persists in [a,,, an (1 + Lnn)], since ¢,, is constant there.
This follows from (7.14) (and its preceding lines) and Lemma 4.3 in [3]. O

Next, we restate some restricted range inequalities from [3]. For # >0, we denote by P;
the set of all functions of the form

P(z) = cexp (/ log |z — ildv(f)) ,

where v>0, v (C) <, ¢ >0, and the support of v is compact. These are the exponentials of
potentials of measures of mass <¢. In particular if t >n, then P € P, = |P| € P;.

Lemma 2.4. Let W € E(Cz).LetO < p<oo,6 € R,and L, 2>0. Let f > —%ifp < 0
and f=0if p = oo.

(a) There exist C, tog such that for t >to and P € Py,

1 PW) ) P, <CHEPW) ) XP Il tray2.a, 01— 21 (2.22)
(b) Givenr > 1, we have for some C, ty, o. > 0 and t >ty, and P € Py,

I PW) ) P I1L 0 < xp (=C1*) | (PW) () xP 11, 0,00 (2.23)
(c) There exist C1, to > 0 such that for t >ty and P € Py,

H(PW) (x) (x + %)G

Ly(I)

<c H(PW) x) (x n f—;)g‘ (2.24)

LplLait=2,a,(1=n)]
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Proof. (a), (b) See [3, Theorem 5.2].
(c) In [3, Lemma 8.7], we proved that

w41, <l 2)

LylLast=2 a0, (1=7mp,)]

ag
So it suffices to estimate || (PW) (x) (x + ;’—5) ”L,;[at(lf/”dh),azf(l72112,)]- We see that it is
bounded by a constant times || (PW) (x) x"||Lp[a1(1,/1,7’))“2[(1,1,120] and if ¢ >0, we can
apply (a) of this lemma to deduce (2.24). If instead ¢ < 0, we use
I (PW) () XTI Ly fay (1—2, ). (1= )]
<Cal || (PW) (x) L, tar (1—=7n,).a2 (1=
<Cazo—” (PW) (x) ”L,,[La,t‘z,a,(lfln,)]

gc((PW)(x) (x+%)g‘

LplLait=2.a,(1=n)]
by first (a) of this lemma and thenas ¢ < 0. [

Finally, we need polynomials that behave like x”:

Lemma 2.5. Let p € Rand L € (0, 1). For n>1, there exist polynomials R, of degree
<n such that

Ro)~ (x+5)", w10, (225)

IR, (0)| <CxP™!, xe [Lann_z, az,,] . (2.26)
Proof. See [3, Lemma 6.3]. [

3. Markov-Bernstein inequalities
We begin by proving:

Lemma 3.1. Let k be a non-negative integer and 0 < p<oo. Let W € L (Cz). Then for
n=>1land P € P,,

(STt

1 k_ 1
I PWY () @l () ¥ 727 L,y SCI(PW) (3) ¥2 27 ||, 1) (3.1

Proof. Let us suppose that p < oo, (p = oo is simpler) and let
R(x):=xkP (x2> .
By [2, Theorem 10.1(a), p. 293],

/
I (RW*) @3, L, %) SCIRW* |z, 1%).-
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Since
(RW*)' (x) = 26K+ (PW ( ) +kxk =l (Pw) (xz) ,
we obtain after a substitution x f
k—
S

/‘Zy T (PWY (y)+ky 2 (PW) (y)‘ Pk (V)"

S|Q~
<=

<C/ PWIP (y) T 4 (3.2)
RV

Here by Lemma 2.3(b),

(/);n—&-k (ﬁ) ~ (Pzn (ﬁ) ’
while by Lemma 2.3(a),

P () W
Vmin {y, a,} + a,n=2 Jmin{y, a,}’

uniformly forn>1 and y € I. (For y >a,, this follows by constancy of ¢, and so on.)
Then we obtain from (3.2) and (3.3) that

Pt
[ ewy gty ay

(3.3)

@5, (V) ~

vy

‘P dy

<c [ |y'T ewy o) O3k (V)

kp—1
<c/ PWIP () v 5 dy
1

# p
o () ) 4

kp—1
—i—Ck”/ PWIP(y)y = (—
1| 1y Jy/min oan]

<c/ PWIP )y dy
1

)

+Ck”fann IPWIP () y T (‘p"y(y)> dy (3.4)
0

by Lemma 2.3(c), and since (pf: y) = q)ﬁ (an), y =2 ap. Of course if k = 0, the second term

vanishes. We now assume that k > 1. From (2.21) in the proof of Lemma 2.3(c), we see that
2

/“"” PP () v <<pn(y)> dy
0 y

)

anpn _ P
<c[ |PW|P(y)yk”zl(*/“_”) d
0

nJy
an _ / 14
<C/ IPWIP () y T ( a") dy,
apn=2 nJy

by our restricted range inequality Lemma 2.4(a). This is applicable since k > 1, so that
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‘We continue this as

2
anit kp—1 (p# (y) P an kp—1
/0 PWIP () y 5 (—"y dy<c/ PWIP () y 5 dy.
a,

2

This and (3.4) give the result. [

Now we can prove a preliminary form of Theorem 1.5. There are no restrictions on the
power xP here, so the result has some independent interest.

Theorem 3.2. Let 0 < p<oco,L > Oand B € R. Let W € L (C?). Then for n>1 and
P € P,, and for some C # C(n, P),

ICPWY @) @f ) xP Il Lapn2.0) <SCIPW) ) 5PN 2,00 (3.5)

Proof. Assume p < oo. The case p = oo is easier. We split

d P
/L PWY of|" () yPP dy

apn=2

%a,l d
f + / (Pwy o
La,n—2 %an
=11 + b.
Choose p € R such that

P
() yPP dy

Bp=—5+pp

and let {R,} be the polynomials from Lemma 2.5, satisfying (2.25) and (2.26). Note that
P R, has degree at most 2n. We see that

3an
I = /
La,n—2
1

2(411
<cC / (PW) ot
L

p
(PWY ol () yPPay

"R )y dy

P 1
=C [(PR,W) — PWR) | ok|" (»)y~2dy

o # p -1
<C i (PR.W) @3, )y 2dy

20n
+C /
La,n=2
< c/ IPR,WIP (v) y~ 2 dy
1

1

5an # p
+C fL IPWI (y) ("’T(y)> VP dy,

apn=2

1 #|P -1
PWR,,| (y)y 2dy
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by Lemma 3.1 with k = 0, since ¢4, ~ ¢f in [a,n=2, ta,] and by (2.26). Using our
restricted range inequality Lemma 2.4(a) and using (2.25) and (2.17), we can continue this
as

azn

n<c f IPWIP () P dy.
Lay,n—2

Lemma 2.4(c) allows us to continue this as

An
n<c / PWIP () yP dy. (3.6)
a,

nh
Next, to handle 7>, we choose a positive integer k so large that

kp — 1

A= fp— < 0.

d
, p
n= [ |ewy el oy a

5dn

b pd

1 r#

< (5a (PwY o
2 1,
2 n

1 2 kp—1
<C San fIPWIp(y)y > dy,
1

by Lemma 3.1. Using our restricted range inequality Lemma 2.4(a), and 4 < 0, we continue
this as

p kp—1
My 7 dy

i

1\ [e
n kp—1
L<C (—an) / [PW|P (y)y = dy
2 ann=2

dan
< c/ \PWIP () PP dy.
a 2

nn

Together this and (3.6) give (3.5). U

Proof of Theorem 1.6. Let P € P,,. We shall use Theorem 3.2 and treat P as a polynomial
of degree < 2n. First write

[(PW) )] < [ (PWY @) 08, ()4 0, @71 + [ (PW) (04| @' (o).
(3.7)

Here in [ann’z, an],

4 Jx a4n — X
Pop x)=—
2n Jax, — x + axpiy,
note that by (2.9) and (2.6),

>C(P§n (ann_z) ~

a ay

n
4n — X ~ dop — X + Appllp, 2 aop — dp ™~ m > ey
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Also by (2.10), in [a,n ™2, a,],

Q' (x) <

)

n? nJT (ay) n?
<Cmax{—, ——— ¢ ~ —
an dn an

Cn
WX (azn — x)
by (2.6). Our restricted range inequality Lemma 2.4(a), followed by (3.7), give
H(P'W) ) xP I,y <CIH(P'W) () <P,

2
< (1w @ 0h, Pl o) + 1 EW D5 g02.0,)

n

plann=2,a,]

<Ca—|| (PW) (x) x"|lL, 1)
n

by Theorem 3.2. Thus we have (1.21). The proof of (1.22) is similar: in [ay,, d),

an

h () ~ >C )~
Pon () DPon (x) Pon (a, ) nm
while in [ay,, an ] (cf. (2.3)),

Q' (x) ~ Q' (an) ~ ai\/T (@). O

n

Finally, we turn to:

Proof of Theorem 1.5. In view of Theorem 3.2, we need only estimate the norm over
(O, ann_z). Now

HPWY () of ) X1, (0.amn-2)
<CI(PW) @ 0f 0l 0.0n-2)

1L PW) () Q' @) 9 )Xl (00

=ClL + Ih].
Note that
oh ()~ et vefo 5] (3.8)
n n n

Then (1.21) gives

a
n<C I (P'W) @) Pl <CIHPW) (0 5Pl ).

Next, by (3.8) and then (2.10), for x € [0, a,n~?],

n a,x

Japx

o' (x) ot (x) <C —C.

So
L<CI(PW) @) Pl



E. Levin, Doron Lubinsky / Journal of Approximation Theory 139 (2006) 107143 125

Thus we have shown that
HPWY () 0 () xP 11, (0,402 SCINPW) () Xl .

This and Theorem 3.2 give the result. [

4. Estimation of Aﬁ’ p(x)

‘We now estimate the function
# 2 2N AT
Ay p(xX) = T (PnpWp)“ (1) Q(x, 1) dt,
I

where

xQ'(x) —tQ'(r)

X —t

Qx,1) =

It plays a key role in estimation of p, , (x). Using our bound (1.10) for p, , we shall prove:

Theorem 4.1. Assume that W € L (Cz—i—), that p > —% andlet L > 1. Then 3C,ny > 0
such that for n >ng and x € [ann_z/L, a,(1+ Ln,)],

-2 4.1)

Al (@) ~ 0, ()7 [x (an (1 +2Ln,) — x)]
If we assume instead that W € L (C 2), this holds with ~ replaced by <C.
Proof of the upper bound in (4.1). We fix M > 1, ¢ € (0, §) and set
a
TIn 1= [M_Zza San] .

We assume, as in [3, Eq. (8.18)] that M is large enough so that
dn

Mn?’

Let, as in [3, Egs. (8.20)—(8.21)],

Xnn,p >

an

) 1= (on W20 (x4 )7 (x4 42 @ )]

and
On(x) := A} ()@, (X)]x (@, —x)|'/.

We distinguish two ranges of x:
(D) Upper bounds for x € [ann_z/M, eay |
We note that for this range of x,

X (a,,(l +2Ly,) — x) ~ x (ap, — x)
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with constants in ~ independent of n and x. Then

12
A ()@, @) [x (a1 +2Ln,) — )] ~ ©,(0).
By Lemma 8.6 in [3], for some ¢ > 0,
1Onll Lo (7)) SC + WnllLor) <Cis

by (1.10). So choosing M > L, we have the upper bound implicit in (4.1) for this range
of x.

(IT) Upper Bounds for x € [san, a, (1 + Lnn)]

Write

an(14+2Ly,) = ay
so that

an
l—— ~n,.
am

We choose m in this way to ensure that for some small enough ¢, f and large enough n,

[ﬁamm—2’ am (1 — omm)] ) [sa,,, ay (1 + Lnn)] . “4.2)
By (2.8) and (2.7),
n ay
1_;NT(an) <1——>~T(an)'ln—>0, 4.3)

as n — 00. Moreover, for x € [0, a, (1 — n,)], we have

jan = x| ~ la, — x|
so (1.10) gives the bound

[Pap YW @] (v 4+ 2) 1 @0 = 014 <, (44
By our restricted range inequality Lemma 2.4(a), this then holds throughout 1. We split

2 ann_z am an d
Af L0 =2 R R AROYIEY L
n,p - PnpWp ’
X 0 apn=—2 am am

=L+ DhL+1+ 14

Estimation of I
For t € [0, a,n~?2], the monotonicity of u Q' (u) gives

O(x,)<CQ" (x)
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so our bound (1.10) on p, , gives

Q' [or I rV
h<c X / t + a,n2 di
0 \/(t + apn=2) (an — 1) n

l 1 2p
<CQ(X) 1 < s ) ds.
xn Jo s+1\s+1

where we made the substitution 7 = a,n~2s. Then from Lemma 2.3(d), (¢) and (2.10)

119, () [x (an(1 +2Ln,) —x)]"/2
C n x(azy, — x)

<— <C.
xn /x(az, — x) n

Estimation of I
Our bound (4.4) on p, , gives

I<C[“'" O(x,1) dt<C X )
22X — X Om (X)),
ap Jo  At(am —1t) ap N am —x "
where

G (x) = ‘/ / [
t(am —1)

is the density of the equilibrium measure of total mass m for the field Q. It is shown in [3,
(4.10)] that

om (x) ~ q),;l (x) in [ﬂamm_z, am (1 — omm)]

for any fixed f3, o > 0, so

¢ -1
h<——¢, (x).

N Nay (@, — x)

Here 7,, ~ n,. Now for small enough «, 5, we saw at (4.2) that this last range contains
[¢an, an(1 + Ln,)], while Lemma 2.3(b) and (4.3) show that ¢,, ~ ¢,,. Then

b, () [x (a. (1 +2Ly,) —x)]'?

<Cho,, (x)[x (@, —x)1"* <C.
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Estimation of I3
Suppose first x € [agn, an (1 + Ln,)].
For t € [a,, ay,] there exists s € [eay,, ar,] such that

00,0 = (uQ W),,_, =s0" () + Q' (s).
Here by (1.5),

sQ' (s)?
0 (s)

and as T is bounded below, while s Q’ (s) is increasing, we see that

sQ" (s) <C =CT (s) Q' (5)

O0G.D<CT (5) Q' (5) <CT (azm) Q' (azn) <C—T (an)*/?,
an

recall (2.3). Then

dt
L<C— T(an)3/2/ NaG)
- n
nT (ay,)
CS—ﬂT(am 2 (agn — a)'? <C—7.

n

Then (2.19) gives

L, () [x (an (1 +2Ly,) — x)]' <C.

If instead x € [ea,, a.,], we instead use (2.18) and

/
m< (a2, Q' (az2n))
Ay — X
Estimation of I
Next,
tQ’' (f)
—/ (pn, pr) (l)
< ¢ / (Pup W2 (01 Q' (1) dt
an (azn, — ap (a2, — X)) an
Ccn’
< ,
ay, — X
by the identity

/ 2 1
/[tQ () (Pn.pWp)~ () dt=n+p+§.

(4.5)

The latter follows by integrating by parts and using orthogonality. Using (2.19) or (2.18)

again, we obtain

LIy, (x) [x (an(l +2Lny,) — )c)]l/2 <C.
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Finally combining the estimates for 11, I>, I3, I4 gives

1/2

Al @), () [x (an(1+2Ly,) —x)]/"<C. O

#

In proving the lower bounds for A},

we need an estimate related to the identity (4.5):
Theorem 4.2. Let W € L (C2). There exists o > 1 such that uniformly for r € [0, 2n]

/ (PnpWp)2 (1)1 Q' (1) dt ~ n. (4.6)
[O,a2n]\[ar/1»ao¢r]

Proof. We use (4.5) and show that the integrals over [a2,, d) and [ar ot aw] are small.
Write
p=p+J

where <0 and j is a non-negative integer. Then

d 1 a d
2 ’ 2p 2
[ oo wa<sdl [ po L (-wo)a,

azn

where
P@)=p,, 0"

Integrating by parts gives

d d
i w2 _ 2 / 2
P (1) W= ())dt =(PW~) (a) + P (t) W= (¢) dt.
azn dt azn

Because of our bounds on pj ,, we know that in [0, ap (1 — ’7,1)], |P| W2 is bounded by a
power of n (recall a, is of polynomial growth). Our restricted range inequality then shows
that it is bounded in I by a power of n and moreover Lemma 2.4(b) gives that for some
C >0,

(sz) (a2m) = O(e™"°).

Our Markov-Bernstein inequality Theorem 1.6 then shows that P'W? is bounded by a
power of n in I. The same is then true of the L; norm of P’ W2 over [0, az,]. Another
application of our restricted range inequalities to the weight W? (rather than W) shows that
(at least for large enough n),

fd P ()W (t) dt = O (f”c).

2n

So

d
/ (PnpWp)2 (1) 1Q' (1) dt = O (ﬂf) .
azp



130 E. Levin, Doron Lubinsky / Journal of Approximation Theory 139 (2006) 107143

In view of (4.5), it now suffices to show that given 5 > 0, there exists o € (1, %] such that
uniformly for r € [0, 2n],

1:/ T PupW2 ()10 (1) di <. 4.7

r/o

We note first that it is an easy consequence of (2.8) and (2.5) that

a 1
Ay — ar/“<CT;r) <OC — &) (48)

with C independent of r, o, since o € [I, %]. Moreover, by our bound (1.10) on p, p, and
by (2.5),

1< [ 2O hiccd o [
X T X r r T
aryy NI lan — 1] arjy N lan, — 1]
If a,, <a,, we continue this as
Agr

1
1 < Ca? Q'(ay)

dt 1
ﬁ <Ca; Q/(ar)\/ Qor — Ar/o
v Gor —

Ar /o

1\ 12

< Cr (oc— —) <Cn(a— 1?2,
o
by (4.8) and (2.3). If ay/, > a,, we similarly continue this as
3 “r dt 1/2
1<Ca? 0 (ay) - <Cn(x—DY2.

Ay /g r— ar/o‘

If ayy > a, > ay/r, we continue this as

1
1<Ca? Q'(ay)\Jaz — ar/y<Cn(x— 12,

In summary, in all cases, if « is close enough to 1, we obtain (4.7). [

Proof of the Lower Bounds for Aﬁ,p(x). Let us write x = a, for x € [ann’z/L,
an (1+ Ln,)]. By Lemma 2.2(d), for 1 € [0, aza]\[ar/a, aral,

¢ y max {tQ' (t),xQ" (x)} > cro (t).

Ox, )=
lx — axy — X

Note that while (2.11) holds for ¢ in a neighbourhood omitting 0, the last inequality is valid
for n >ng for all x € [0, a,(1 + Ln,)] (that is, even for x, ¢ near 0). Then
1[4 _
o AL OTIen T
0
C
- X (azn - 'x) [OﬂZil]\[ar/asaw]

>C

(PnpWp)? (1)1 Q' (1) dt

x(az, — x)
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by (4.6). So
# n
Al (x)=C= ) (4.9)
’ X ay —Xx
Firstly if x € [ann—2, an /2], Lemma 2.3(d) gives as az, — x ~ ap — x,
Al ()@, (0)x (an (1 +2Ln,) —x)1'*>C. (4.10)

Thus we obtain a lower bound to match the upper bound for Aﬁ’ P that we have already
proven. Next, if x € [ay/2, a, (1 + Ln,)], we obtain from (4.9) that at least for large n,

n nT (ay)

(azn — an/2)an a,%

Af L 0)=C

so Lemma 2.3(e) gives (4.10) again. [

5. The proof of Theorems 1.2 and 1.3(a), (b)
In the sequel, we shall need Christoffel functions,

2
PW

)Ln(wz,x)= e W)
P deg(P)<n—1 P2 (x)

’

the Christoffel numbers
Jijn = An (sz, Xq,',,)
and the reproducing kernel

n—1

Knp(x,0) = pjp@) pj,).

J=0

Lemma 5.1. Let W € £ (C?).

(a)
—1 Vn—l,p /
in = T PnpXjn) Pa—1,p(Xjn), (5.1)
Yn.p
Yn—1,
Phpjn) = L AR (Xjn) pr1.p(Xjn)- (5.2)
n,p
(b)
ap\2r
ym (Wg, x) ~ @, (x) W2 (x) (x + n—;) in [0, an (1 + Lnn)] (5.3)
and

n

Ay (W,f x) >Co, (x) W2 (x) (x n %)zp inl. (5.4)
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(©
LI N, and Xp, ~ a_; (5.5)
an n
and uniformly in j, n,
Xjn —Xj+1..<Co, (xjn). (5.6)

Proof. (a) See [3, (8.5) and Lemma 8.3].
(b) See [3, Theorem 1.3].
(c) See [3, Theorem 1.4]. [

Next, we prove the upper bound implicit in (1.8).
Lemma 5.2. Let W € L (C?).
(@) Forn>1,

ap \ P n
sup (pn,pW) (x) (x + ;) <C\/%; 5.7

xel

(b) Forn>1,

e g (5.8)

Proof. (a) Now for x € [a,n™2, a, (1 —1,)], and for large enough n, (1.10) gives
C
[x (@, —x)]"/*

1 R LA
< Cmax {_ _}
an=>" agny

|Pn.p () W (x)|xF <

= Ca,,_l/2 max {nl/z, (nT (an))1/6} <Ca,,_l/2n1/2,

by (2.6). Then the restricted range inequality Lemma 2.4(c) gives (5.7).
(b) The ideas are standard, but we provide the details. Firstly, from our restricted range
inequality and Cauchy—Schwarz,

Yn—1,
—L = / XPn.p (X) pu1,p (x) W (x) dx < Cay.
1

Vn,p
We proceed to prove a corresponding lower bound. From Definition (1.12) of ¢,,,

a, 1 1
Pn (x) ~ 77 X € Zan? Eal‘l . (59)

Then for x,, xj 1,4 € [A—l‘an, %an], Lemma 5.1(c) ensures that

An
Xj—1,n — Xjn<C7
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Here C is independent of j and n. It then follows that for large enough n, the number of
zeros of p, , lying in this interval is at least > Cin. (We only have to show that [ an, 3an |
contains at least one zero. If not, we easily obtain a contradiction using Lemma 5.1(c).)
Recall from Lemma 5.1(a), the identities

2
— Yn—1, Yn—1,
Gt = s ) o) = (220 ) ) 2 )

n,p n,p

Applying our bound of Theorem 4.1 on Aﬁ’ p and also (5.9) gives for x;, € [J—tan, %an],

-2
Yn—1, n
< n P) <C}~jnprzz—l,p (Xjn) a_z‘
n

Tn,p
Adding over the > Cn zeros xj, € [4an, 2a,,] gives

)
Ve
cm(f l’p) <C(% 2. AnPaciy ()

"n.p n
x,,,e|:4an 2lln]

n

<cl W, =C
X Cln pnlp %

Here we have used the Gauss quadrature formula. Hence

anl,p

>Cay. O
Yn,p

Proof of Theorem 1.3(a), (b). We use (5.1) and (5.2) in the form

_ Yn—1,
P = T ) Pt p () = Dy ) AR () (5.10)

Yn.p

so that
|Ppp Wl (xjn) = 125, W (e ju) AS ()] /2.

Substituting the upper bounds for Afl’ p(xjn) from Theorem 4.1 and the lower bounds for
/.jn from Lemma 5.1(b) in this last expression gives the upper bounds for | p,/% pWpl(x in)
that are implicit in (1.13). We also use (5.5). When W € L (C 2+) we also have matching

lower bounds for An p» SO We obtain ~ relations for | p;l’ prl(x jn)- The identity (5.10)
above, in the form

Yn—1,
|Pn—1,pWpl(xjn) = ,,}W2<xjn>/['; ”lpanprfn)}

n,p

and the previous lemma then gives the required estimates for |p, 1., Wy|(x;,). O
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Proof of Theorem 1.2. We already proved the upper bound implicit in (1.8) in Lemma
5.2. For the corresponding lower bound, we use our Markov—Bernstein inequality Theorem
3.2 in the form
(Ph,p Wp) Gnn) Py )| = (P p W) () @l ) ]
< C max : | (Pn,pW) (x) x”|.

xelann=2,a,

Recall that x,,, ~ a,n~2, so Theorem 3.2 is applicable. Substituting the bound (1.13) for
|Py. »Wpl(xnp) proved above and using (pff (Xnn) ~ @,, (xun) gives

[n
max [PrpWplx)=C | —.
xe[ann=2,a,] e - a

Thus we have (1.8). For (1.9), observe from (1.10) that
’xpn,p x) W, (x)’ <Cx¥*a, —x)7V*, xe [ann_z, an (1 — 17”)] .
Maximizing the right-hand side over this interval gives

prp W (@ (x4 22)""

ap\P
<2[xpap W () (x+25)"| <Cay (0T (@)

and then our restricted range inequality Lemma 2.4(a) shows that

)\ P
SUP | pup (1) W (x) <x+Z—2> ‘gCa,l,/z(nT(an))‘/ﬁ. (5.11)

xel

Moreover, the bound (1.10) gives

an \ P _
max  |xpn,p (x) W (x) (x + n—;) ‘ < Cafl/4 (an — aﬂn) 1/4

x€[0,ap,]

< Ca,*T (an)'*
—0 (a,1,/2 (T (an))1/6) , (5.12)
by (2.6). Next, our Markov—Bernstein inequality Theorem 3.2 gives

1
%10 (Pl p W) 1) P (K1)] = [(Prp W) (1) @, (1), |
< C  max ]|(pn,pw)(x)x1+ﬂ|.

xe[ann—2.a
Substituting in the bounds for |p,’1’pr|(x1,,) from (1.13), and using
Ap — Xln ~ Anly
gives

1/2
max | 1xpn.pW,l(x) = Cap'> (nT (an))'®.

x€lann=2,a,

Combining this, (5.11) and (5.12) gives (1.9). O
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6. Lagrange interpolation polynomials

In this section, we prove Theorems 1.3(c), (d) and 1.4. The most difficult part is the upper
bound implicit in (1.15), namely,

anp\P __
Aju(x) 1= |€jn W|(x) (x—i—n—;) Wl <C 6.1)
with C independent of j, n, x. Since
p
Xjn + a—’i
Ajn(xjn) = (_n) ~ 1,
Xjn

(1.15) follows from (6.1). We begin with two independent bounds for A j,. We shall use the
notation

T (x) = x(an (1 +1,) — x). (6.2)

Lemma 6.1. Assume that W € L (CZ) and p > —%. Uniformly in j,n and x € I,

(a)
) 1/2
Ajn()<C (M> ; (63)
Pn(x)
(b)
) oy (Ll/4
Aj,,(x)gc (Pn(xjn) nn(x]n) (6.4)
|x —xj”’ 7, (X)
Proof. (a) We use the Cauchy—Schwarz inequality on the identity
Ejn (x) = Kn,p(x’ xjn)/Kn,p(xjn» xjn)
to deduce
1Lin WO W, (xjn)
5 1/2 _1 5 1/2
o Ky, p(x, x)W=(x) A Wy, )W (x)
S\ K p s xj) W2 (i) I W xj)W2Cxj) )
Applying the Christoffel function bounds (5.3) and (5.4) to A}, (x) gives the result.
(b) By our bounds for p,, from (1.10),
ap\P _
1PapW1C) (x4 25)" <Clma o) ~4, (6.5)
Substituting this and the bounds for | P;;, pr|(xjn) from (1.13) into
an\P _ _ [P, p WI(x) ap \ P
LinW ) W in) = — 6.6
| jn |()C) ()C + }12) p (XJn) X — Xjnllp,/l,prI(xjn) ( + l’l2> (6.6)

gives the result. [
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We shall also find the following simple observation useful:

Lemma 6.2. There exists ng such that forn >ng and s, t € [0, ay],

17 ()] 32170 (1)] =5 |5 — 1] > '”jf)'. 6.7)

n

Proof. Now for x € [0, a,],
|7, 0| = lan (1+1,) — 2x]<2ay,
for n large enough, so if s, ¢ are as above, then for some ¢ between s, ¢

31T <17 () = (O] = |, (Dlls = 11<2anls —1]. O
We break down the proof of (6.1) into two lemmas, considering various ranges of x j,.

Lemma 6.3. For xj, € [0,a,2] and x € 1,

Ajn(x)<C. 6.8)

Proof. We prove the upper bound for A;,(x) separately for two ranges of x € [ann_z,
an (1 — 17,1)]. (Then the result follows for all x from the restricted range inequality Lemma
2.4(c).) From Lemma 2.3(d), uniformly in j and n,

QDn(xjn) ~ nn(xjn)l/z/n- (6.9)

(Recall that x,,;, > Cann’z.) We shall substitute this and relevant estimates for ¢, (x) in
(6.3) and (6.4).
(M) x € [ann=2, asznj4]
From Lemma 2.3(d),
0, (x) ~ 1, (x)?/n.
Then our bound (6.3) becomes
. 1/4
Ajn(x)<C (M) ,
7 (X)

If 7, (x j) <2m, (x), we obtain the desired bound. In the contrary case, where 7, (x,) >
27, (x), the previous lemma gives

|Tcn(xjn)|
~FinlZ 6.10
>, (6.10)
S0 (6.4) becomes, with the aid of (6.9),
a 3 a -
Ajn () S C [y () ()]~ < CEmy ()72 < C
2,2

as 7, attains its minimum over [a,n 2, as, /4] at a,n~2, and that minimum ~ azn=°.
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(II) X € [a3n/4a dp (1 - rln)]
For this range of x, Lemma 2.3(e) gives

2
12 Y4y

@p(x) ~ mp(x)™ W@y

Moreover,

T (X) ~ ay (an(l + 77;;) - x) <Lay(a, (1 + 77;1) - a3n/4)

SO

2

a
<CL—2—.
T (x) < Cy T(ay)

(Recall (2.9) and that i, = 0(1/T (a,)).) Then if
2

Ty (X in) <2C| —1
n\Xjn)x 1T(an)

we obtain from (6.3) and (6.9) that

T(ay, 1/2
Ajn(x)<C (nn(xjn)‘/znn(x)‘/2@> <G
a

n
In the contrary case, where
2
an
nn(xjn) > 2C T(ay) 22wy, (x),

n

the previous lemma gives (6.10) again, and hence as above, (6.4) gives
a _
Ajn(0) S C—2lmy (1) ()]~
Now for the current range of x, we have as usual,

7, (X) > min {Tfn (613;1/4) > T (an (1 - "In))} ~ arzl;/]m

SO

2 q-l/4 5/12
an | » a | T (an)
Ajn (x) <C7 |:an'7n ' T (Zn)i| =C |: ) <C,

by (2.6). O
Lemma 6.4. For x;, € [ay/2,d) andx € 1,

Ajn(x)<C~

137

6.11)
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Proof. Recall that for some M > 0 and large enough n, x1, <a,(1 — Mn,). Then for
Xjn = ay 2, Lemma 2.3(e) shows that

2
N~ N Ve 6.12
@, (Xjn) ~ T (xjn) nT(a,,)' (6.12)

We shall substitute this and relevant estimates for ¢, (x) in (6.3) and (6.4), for two different
ranges of x.

(M) x € [ann=2, an/al

From Lemma 2.3(d),

@, (x) ~ 1, (x)?/n.
Moreover,

Cay,

|x = Xjul=an2 — anja > ——.
’ T (ay)

From (6.4),

A () < C =2 [y () )] 4.
Here

(X jn) = Capt,,,

a2
nn(x)>C—’2’.
n

Then we obtain

1/6
Ajn(1)<C { T(Z")} <c
n
by (2.6).

(D x € [an/a, an (1 —1n,)]
For this range of x, Lemma 2.3(d) gives

2
—12_ 4y

qon(x) ~ 70, (x) nT(a,,)'

Here (6.3) becomes

() \'*
A]n(X)SC <7'Cn(xjn)) '

If 7, (x) <2my, (xj,), the result follows. In the contrary case, Lemma 6.2 gives

7 (x)

X —Xjplz——"
| jnl= 1a,
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so (6.4) becomes

a C a <C

A < < S
S O Ay Gy A 0T @) ~ @) 0T ()

by definition of n,,.

With the proof of (6.1), and hence Theorem 1.3(c) complete, we turn to an auxiliary result
for Theorem 1.3(d):

Lemma 6.5. Let W € L (Cz). Uniformly in j, n and for x € [Xj+1,n, xjn],

W) @W, @ jn) + (1.2 W) DWW, () ~ 1. (6.13)

Proof. From [3, Lemma 7.5], for x € [xj411, Xjn]

EnWI W ) + it a W OW ™ (1) 2 1.
Note that uniformly in j and n,

Xj4in ~ Xjn. (6.14)
Indeed from (5.6) and then (2.20), (1.18) and (2.17),

.y . . # X
Xjn — Xj+1,n gC(p" (x/n) - [ (‘xj-l-l.n) - (0 (x,/+1,n)

Xj+1,n Xj+1,n Xj+1,n Xj+1,n

So we have (6.14) and hence

0< <C.

W) @W,  (@jn) + (L1 Wp) DWW, (xj1,0) = C.

The corresponding upper bound follows from Theorem 1.3(c). O

Proof of Theorem 1.4. We already know from Lemma 5.1 that uniformly in j, n
Xjin = X110 <C@,(xj41,0)

and must prove the corresponding lower bound. First note from our Markov—Bernstein
inequality Theorem 3.2 and since ¢,, ~ (pﬁ in [x,,, d) that

1(€jn W) () @ (%) XP | Lo [y ) W;] (xjn)
<CI(EaW) ) Xl [amn2.a] Wy @) <Ci
with Cy independent of j, n. Then for some & between x;, and x 11,
L= (W))W ) = € W) (1) W ()
= i W) ©OW ™ (xjn) Ctjn = Xj110)
< C (&) EPxh (jn — xjt10).
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Since Lemma 2.3(f) shows that

On(Xjn) ~ 0, (&) ~ @, (xjt10) and  xj, ~ &
(cf. (6.14)) we obtain the required lower bound. [

Proof of Theorem 1.3(d). From Lemma 6.5, for x € [x;41,4, x;,], (and recall, if neces-
sary, the expression (6.6) for £ ,)

1 1
e W N o WolGom) I = 51l 12y Wl Gy 1) } ~h
(6.15)
Now we know from Lemma 2.3 that
Pu (Xjn) ~ @n (Xj1n) -
We also claim that uniformly in j and n,
p — Xjn ~ Gy — Xjy1n- (6.16)

Once we have this claim, Theorem 1.3(a) and (6.14) give

|p;,pr|(xjn) ~ |p;,pr|(xj+1,n)

SO we obtain

1 1 -
|Pnp Wl (X) ~ | p, WI<X'>{ + }
n,prp n,p T PIIN |X—xjn| |X_Xj+l,n|

~ |P;, Wp|(xjn) min{|x — xjn|7 lx — xj+l,n|}-
)

Substituting in (1.13), gives (1.16). We turn to the proof of (6.16): from (5.6),
an — Xjn . )Cjn — xj-i—l,n <C Pn (.xj+]‘n)

0<1 — .
ap — Xj+1,n an — Xj+1,n an — Xj+1,n

If xj41,n <apns2, we continue this using (2.18) as

/X _ /X | T
<C— e (an - xj-i—l,n) 12 <C st (Gn) <C.
n n ay

If xj 41,0 > a2, we continue this using (2.19) as

C a,f/z - C a,3,/2 _C
— X 3/2 nT(a)\ 32 0T (ay)
(an = Xjt1.n) n) - (anny) "

~
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7. Sharpness of the Markov inequality
We prove the sharpness of the Markov inequality (1.21) in L and with § = 0:

Theorem 7.1. Let {p,} denote the orthonormal polynomials for the weight W2, where
Wel (C2+). Then forn>1,

2

n
lpn Wil ~ a—llp,QWlle(l)- (7.1)
n

Proof. By the Gauss quadrature formula, and then (1.13) and (5.3), followed by (1.12),

n

2

1P WLy = D AjnPhy (Xjn)
j=1

n
~ 3 o (in) [ (an — xjn)] 72
j=1

=X + . (7.2)
Here
ST /A0
azxy pn (0)
By our Markov inequality (1.21) and our bound (1.8) on p,,

/ 2 w512
20 O SC—lIpaW Loty SC 575
apy an

while as | p,| is convex in (—o0, X;,),
, n
|Pn (O] = | py, o) | Xn ~ [ —,
dn
by (1.13) and (5.5). Then

|z <C

=Q|=
o w

In the other direction, we can use just a single term in X:

n 1 n3
i>— — ~ —-
an Xnn a;
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Thus
3
n
T~ —. (7.3)

n

Next, we estimate X,. Let
Xon = X1n + anty,.

By our spacing of zeros, namely (1.17),

n

—1 )
o 5 ) )

i Apn — Xjn
n /xo" dx

g C_ —’

an Jo  @n (x) (a2n —x)
recall (2.20). We continue thus using (1.12) as

5 n? /"‘0" Jawm —x +apy, dx
)~ —
an Jo (am — x> J/x +amn-2

[ 32 an dx 4 a2 e dx
n2 n 0 ) n Lan _ \3/2
<c- Vx +apn 2% (ay — x)
~
a -1/2 azpn — dpj2
n +a, / faxmlz "—”édx
L M2 (@ — x)
.-
n _ _ _ on —a
_1 172 12 172 /%20 — anj2
<Cc—|a " +a," (an —anp)” "+ an /2y en ” Thjz
an | azn — dn

2 3
<T@ =o(%).
a a

n n

Here we have used (2.9) and (2.6). This last relation, (7.2) and (7.3) give

3

5 n
||P;,1W||L2(1) ~ 22 (7.4)

n

Now we obtain a lower bound for the norm of p),W. As p), has opposite sign at x,, and
Xp—1.n, and W~ is bounded near 0,
Xn—1,n
"
[
Xnn

Xn—1,n
<C (xn—l,n - xnn)l/z (/ (pZW)2>
x

1/2
Zlip

|17,/1 (xnn)| < |P;, (xnn) — P;, (xn—l,n)| =
1/2
<C (xn—l,n - xnn) ;Z/W“Lz(l)
SO

2 2 -1
IpnWIZ,y > C Py Gun)|” (Xn—1.0 = Xun)
= Co, (xnn)73 (xn11a11)71/2 ~ n7a;47
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by (1.13), (1.17) and (1.12). This and (7.4) give
Iy WL,/ 1R WIZ, 1y = Cn'ay 2,

that is,

" n’ ’ 2
I Pn W”Lz(l) Z Ca_ I Pn W”Lz(l)'
n
The converse direction is an immediate consequence of the Markov inequality (1.21). 0O
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